FORMS  OF NON-EUCLIDEAN  SPACE.                59
Consider a point P in S() and let us assume that P corresponds to two points II and II'. As shown in the last paragraph, if II and IT are connected by a straight line y, there will correspond in S a line g which starts from P and returns to the same point. Along this line we may construct a chain of congruent regions S0, Siy S2, - - •, Sn, where 8n is the same region as 8Q. Corresponding to this configuration, we have in 2 a chain of regions 2Q, 2X, 22, • -, 2n, where 2n is distinct from 20. Now any displacement imparted to $0 is transmitted through the chain 8Q) Slf • • •, 8n back to Sn. But this displacement of Sn must be the same as that of SQ, if space is movable as a whole. If, for example, $0 is so moved that all points on a geodesic line I are fixed, Sn must be moved in the same manner. Correspondingly, we must have in 2 a displacement by which two straight lines X and X', one lying in 20, the other lying in 2n are each point for point fixed. This, however, is impossible unless 2rt coincides with 20. Hence the assumption that P corresponds to two points II and II' is untenable.
Spaces of Zero  Curvature.
If k = 0, the relation between points of 8 and those of 2 is one to one. In other words, to each point of S corresponds one and only one set of coordinates x. and conversely. We have therefore a geometry in which the theorems of paragraph 5 hold universally. In addition all geodesic lines are infinite in length. We may consequently introduce the conception of parallel lines by the following definition: A line AB is parallel to CD when AB is the limit approached by a line AG intersecting CD, as the point of intersection recedes indefinitely. It may then be shown that through any point of space there goes one and only one geodesic line which is parallel to a given geodesic line not passing through the given point. The resulting geometry is the Euclidean Geometry.
Spaces of Constant Negative Curvature.
„ If k is pure imaginary, again the relation between the points of 8 and those of 2 is one to one.    We have again a space in which;i              is, it is independent of the chain of bodies 80, 8V - • -, 8n.    In this
